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Abstract

In the present study a general criterion for local thermal equilibrium is presented in terms of parameters of engi-
neering importance which include the Darcy number, the Prandtl number, and the Reynolds number. For this, an order
of magnitude analysis is performed for the case when the effect of convection heat transfer is dominant in a porous
structure. The criterion proposed in this study is more general than the previous criterion suggested by Carbonell and
Whitaker, because the latter is applicable only when conduction is the dominant heat transfer mode in a porous me-
dium while the former can be applied even when convection heat transfer prevails. In order to check the validity of the
proposed criterion for local thermal equilibrium, the forced convection phenomena in a porous medium with a micro-
channeled structure subject to an impinging jet are studied using a similarity transformation. The effects of the Darcy
number, the Prandtl number, and the Reynolds number on local thermal non-equilibrium are systematically studied by
comparing the temperature of the solid phase with that of the fluid phase as each of these parameters is varied. The
proposed criterion is also validated with the existing experimental and numerical results for convection heat transfer in
various porous materials that include some of the parameters used in the criterion such as a microchannel heat sink with
a parallel flow, a packed bed, a cellular ceramic, and a sintered metal. It is shown that the criterion presented in this
work well-predicts the validity of the assumption of local thermal equilibrium in a porous medium. © 2002 Elsevier

Science Ltd. All rights reserved.

1. Introduction

Analysis of fluid flow and heat transfer in a porous
medium has been a subject of continuous interest during
the past decades because of the wide range of engineering
applications. In addition to conventional applications
such as solar receivers, building thermal insulation ma-
terials, packed bed heat exchangers, and energy storage
units, investigators have found new applications in the
emerging field of microscale heat transfer. As Bejan [1]
pointed out, this new opportunity stems from the need
for smaller flow passages and fins used in compact heat
exchangers and electronics cooling. As the dimensions
get smaller, classical flow structures approach a limiting
case that is much better suited for porous medium
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modeling. Recently Koh and Colony [2] and Kim and
his co-workers [3,4] modeled a microchannel heat sink as
a porous medium. They showed that the analytical re-
sults for velocity and temperature distributions based
on the porous medium modeling are in accord with
numerical results obtained from Navier—Stokes and con-
ventional energy equations.

In both conventional and emerging fields, various
analytical and numerical studies on transport phenom-
ena in a porous medium are generally based on the as-
sumption of local thermal equilibrium; that is to say,
both the fluid phase and the solid phase are at the same
temperature. Under the assumption of local thermal
equilibrium, many investigators have used the so-called
one-equation model to obtain temperature distributions
in a porous medium because an analysis using the one-
equation model is simple and straightforward. However,
the one-equation model is valid only when the temper-
ature difference between the solid and the fluid phases
is very small. When the condition of local thermal
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Nomenclature

asp interfacial surface area per unit volume

Bi Biot number

d, pore diameter

Da Darcy number

hy interstitial heat transfer coefficient

H height of microchannel heat sink

k conductivity

ket effective conductivity

K permeability

/ characteristic length scale of pore size

L characteristic length scale of system

m mass flow rate

Nu Nusselt number

P pressure

Pr Prandtl number

Pregy effective Prandtl number

q heat transfer rate from solid phase to fluid
phase in a representative elementary volume

0 total heat transfer rate by the fluid flow
through a porous medium

Ry effective thermal conductivity ratio

Re Reynolds number

t time scale

T temperature

u velocity along the x-direction

up pore velocity

v velocity along the y-direction
V total system volume

12 impinging velocity

w width of heat sink

/A channel width for fluid region

Greek symbols

thermal diffusivity
difference

porosity

similarity variable
dynamic viscosity
dimensionless temperature
density

stream function

<D D= = @ >R

Subscripts/superscripts

fluid

effective

characteristic length scale of pore size
characteristic length scale of system
solid

wall

top surface

82mh\%>—ﬁ

Special symbol
() volume-averaged value

equilibrium is far from reality, the one-equation model
needs to be replaced with the two-equation model, which
treats the solid phase and the fluid phase separately. But
an analysis of heat transfer in a porous medium based
on the two-equation model is more involved because
it requires information on the interstitial heat transfer
coefficient between the fluid phase and the solid phase as
well as the interfacial surface area. Due to this difficulty,
most investigators have used the one-equation model to
obtain velocity and temperature distributions in a po-
rous medium without examining the validity of the as-
sumption of local thermal equilibrium.

Whitaker and his co-workers [5-8] performed a pio-
neering work on local thermal equilibrium. They pre-
sented a criterion for the validity of the assumption of
local thermal equilibrium using an order of magnitude
analysis. Their criterion is proposed in the case where
the effect of conduction is dominant in a representative
elementary volume (REV) enclosing both the fluid and
the solid phases. However, heat transfer mostly occurs
by convection through the pores in a porous medium. In
addition, it is difficult to directly apply their criterion to
engineering problems because it has several coefficients
which are awkward to define, as pointed out by Vafai
and Amiri [9]. Amiri and Vafai [10] obtained the local

temperature distributions of the fluid phase and the solid
phase from numerical results for forced convection
through a channel filled with packed beds. They pre-
sented an error contour map in terms of the particle
Reynolds number, the Darcy number, and the thermal
diffusivity ratio based on the qualitative ratings. Nield
[11] and Nield and Kuznetsov [12] presented the condi-
tions of local thermal non-equilibrium in a saturated
porous channel using an analytical solution for velocity
and temperature fields. Nield [11] concluded that the
effect of local thermal non-equilibrium is to reduce the
Nusselt number at the interface between the fluid and
solid phases. Lee and Vafai [13] proposed a criterion for
the validity of the one-equation model in the case of flow
through a porous channel subjected to a constant heat
flux on the top and bottom walls by using analytical
solutions based on the Darcian flow model. They fo-
cused on the qualitative presentation of the heat transfer
in porous media by taking the effective conductivities
and the interstitial heat transfer coefficient as known
parameters without referring to a specific geometry or
the Reynolds number. Kim et al. [4] showed that the
assumption of local thermal equilibrium in a micro-
channel heat sink, which is modeled as a porous me-
dium, is valid as the Darcy number approaches zero and
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the effective thermal conductivity ratio infinity. Even
though studies on local thermal equilibrium have been
conducted for many years, a general criterion for the
validity of the local thermal equilibrium assumption in
terms of engineering parameters such as the Darcy num-
ber, the Prandtl number, and the Reynolds number has
not been available, to the authors’ knowledge.

The purpose of the present study is to present a
general criterion for local thermal equilibrium in terms
of parameters of engineering importance which include
the Darcy number, the Prandtl number, and the Rey-
nolds number. For this, an order of magnitude analysis
is performed for the case when the effect of convection
heat transfer is dominant in a porous structure. The
criterion proposed in this study is more general than the
previous criterion suggested by Carbonell and Whitaker,
because the latter is applicable only when conduction is
the dominant heat transfer mode in a porous medium
while the former can be applied even when convection
heat transfer prevails. In order to check the validity of
the proposed criterion for local thermal equilibrium, the
forced convection phenomena in a porous medium with
a microchanneled structure subject to an impinging jet
are studied using a similarity transformation. The effects
of the Darcy number, the Prandtl number, and the
Reynolds number on local thermal non-equilibrium are
systematically studied by comparing the temperature of
the solid phase with that of the fluid phase as each of
these parameters is varied. The reason that the proposed
criterion is benchmarked against the problem of forced
convection in a porous medium with a microchannel
structure subject to an impinging jet is because the
chosen problem contains all the engineering parameters
involved in the criterion. The proposed criterion is also
validated with the existing experimental and numerical
results for convection heat transfer in various porous
materials that include some of the parameters used in
the criterion such as a microchannel heat sink with a
parallel flow, a packed bed, a cellular ceramic, and a
sintered metal.

2. Criterion for local thermal equilibrium

The assumption of local thermal equilibrium is valid
when the temperature difference between the solid phase
and the fluid phase in an REV is much smaller than that
occurring over the system dimension [14]

AT, > AT, )

where AT; and AT, are the temperature difference oc-
curring over the dimension of the system and the tem-
perature difference between the solid phase and fluid
phase in an REV, respectively. In order to estimate both
AT; and AT, in a porous medium, we use an order of

magnitude analysis. Each temperature difference is de-
picted in Fig. 1. It is assumed that the heat transfer rate
from the solid phase to the fluid phase in the overall
system is equal to the heat transfer rate which is carried
by the fluid flowing through the porous medium.
The local heat transfer rate in the REV can be expressed
as

q -~ hsfaszT/ (2)

where AT, = T, — T;. Hence the heat transfer rate from
solid phase to fluid phase in the overall system is

O ~ hgag VAT, (3)

The amount of heat, which is transferred to or from the
fluid flowing through the porous medium, can be ex-
pressed as

O ~ mCAT, 4)

where AT, = T outler — Tr.inter- In the above equations ay,
Cp, hg, m, V, q, and Q are interfacial surface area per
unit volume, specific heat, interstitial heat transfer co-
efficient between the fluid phase and the solid phase,
mass flow rate, system volume, heat transfer rate from
solid phase to fluid phase in the REV, and heat transfer
rate by the fluid flow through the porous medium, re-
spectively. Each temperature difference is obtained from
Egs. (3) and (4) as

AT, ~
! hsfast (5)
0
AT, ~ — 6
TToN )

By substituting Egs. (5) and (6) into Eq. (1), the criterion
for local thermal equilibrium is expressed by the fol-
lowing equation:

mC,

—<1 7
hsl'asl‘V < ( )

Since m = peV /t, Eq. (7) can be rearranged as

(pCp)se

hsfasf t < ! (8)
This criterion implies that the effect of local thermal
equilibrium becomes dominant in a porous medium as
either the interstitial heat transfer coefficient or the in-
terfacial surface area for heat transfer increases. This
trend is similar to what Nield concluded in his paper,
i.e., the effect of local thermal non-equilibrium decreases
the Nusselt number at the interface between the fluid
phase and solid phase [11,12]. On the other hand, the
criterion presented by Carbonell and Whitaker [5] is
expressed as

e(pCo)i? (1 1
Aokl (1 1) <1 9
t kf+k5 < ©)
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f, inlet

: T f, outlet

Fig. 1. Schematic diagram of a system and a representative elementary volume.

where ¢, p, Cy, [, t, k;, and ks denote porosity, fluid
density, fluid specific heat, characteristic length scale of
pore size, time scale, fluid conductivity, and solid con-
ductivity, respectively. As pointed out earlier, Eq. (9) is
derived for the case where conduction is the dominant
heat transfer mode. As a result, Eq. (9) did not include
the effect on local thermal equilibrium of convection
heat transfer between the fluid phase and the solid phase.
Therefore, Eq. (9) is no longer applicable for determin-
ing the validity of the assumption of local thermal equi-
librium in a porous medium if convection heat transfer
is dominant. The criterion given in Eq. (8) can be more
easily applicable to an analysis of fluid flow and heat
transfer in a porous medium if it is expressed in pa-
rameters of engineering importance. The interstitial heat
transfer coefficient, the interfacial surface area per unit
volume and the time scale used in Eq. (8) can be ex-
pressed by

Nuk 5 L
ﬂ: asf’\’iv t~—, (10)
dy dy Up

hg ~
where Nu, ke, dy, €, up, and L are Nusselt number, fluid
conductivity, characteristic length for pore size, poros-
ity, pore velocity, and characteristic length for the sys-
tem. By substituting Eq. (10) into Eq. (8), the criterion
for local thermal equilibrium is presented by the fol-
lowing equation:

&
Preff.,fRedPDa'/z m < 1 (1 1)

where the effective fluid Prandtl number, the Reynolds
number, the Darcy number, the Nusselt number, and the
effective thermal diffusivity are defined respectively as

Pr R Mp P D, dg
eff f — fxeff‘f7 edp — T 177
hyed Cp); C,
Ny = 2t L} aef”_(/’ b :(P p)e
kf kelT,f Skf

In addition, the effective fluid Prandtl number is ex-
pressed as
v (pG)ey 1 Keit £

= WS g 12
Oleff keﬂ‘,s Rk , keﬂ‘,s ( )

Pregp =

where R, is the effective thermal conductivity ratio.

From the criterion, Eq. (11), which is expressed in
terms of important engineering parameters, the effect of
local thermal equilibrium in a porous medium is shown
to become stronger as either any one of the Reynolds
number, the Prandtl number or the Darcy number de-
creases or the Nusselt number increases. In addition, as
the effective thermal conductivity ratio increases, the
condition of local thermal equilibrium also exists be-
cause the Prandtl number is inversely proportional to
the effective thermal conductivity ratio.
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3. Similarity solution for the forced convection in a porous
medium with a microchannel structure subjected to an
impinging jet

3.1. Problem description and modeling

In order to check the validity of the proposed crite-
rion, Eq. (11), for local thermal equilibrium, the forced
convection phenomena in a porous medium with a mi-
crochannel structure subject to an impinging jet are
studied using a similarity transformation. The reason
that the proposed criterion is benchmarked against the
problem of forced convection in a porous medium with
a microchannel structure subject to an impinging jet is
because this problem contains all the engineering pa-
rameters involved in the criterion.

The problem under consideration in this paper is an
impinging flow through a microchannel heat sink as
shown in Fig. 2(a). The fluid impinges on the micro-
channel heat sink along the y-axis and then flows par-
allel to the x-axis. The bottom surface is kept constant at
a high temperature and the top surface at a low tem-
perature. This thermal boundary condition is used to
examine the effect of local thermal equilibrium in this

(a)

1

N,
NI

- NN
'Q |
A

(b)

T,

Fig. 2. Porous medium approach: (a) microchannel heat sink
subject to an impinging jet and (b) equivalent porous medium.

problem because if there is some agency that forces the
volume-averaged fluid temperature to be different from
the corresponding volume-averaged solid temperature
on the boundaries of a porous medium, then local ther-
mal non-equilibrium may automatically be present, as
pointed out by Nield [11]. A coolant takes heat away
from a heat-dissipating component attached to a mi-
crochannel heat sink. In analyzing the problem, all
physical properties are assumed to be constant.

As shown in Fig. 2(b), the microchannel heat sink
subject to an impinging jet is modeled as a porous me-
dium based on the idea proposed by Koh and Colony
[2]. The governing equations are established by apply-
ing the volume-averaging technique. In order to analyze
the fluid flow in a porous medium with the boundary
effect included, the Brinkman-extended Darcy equa-
tion is used. Regarding the temperature profiles, both
the one-equation model and the two-equation model are
employed. The one-equation model is based on the as-
sumption that both the fluid phase and the solid phase
are at the same temperature within an REV while the
two-equation model treats the fluid phase and the solid
phase separately within an REV. The general criterion
of local thermal equilibrium is verified by results ob-
tained from the two-equation model.

In this paper, as shown in Fig. 2(a), the REV for
volume-averaging is a slender cylinder aligned parallel to
the bottom surface of the microchannel heat sink but
perpendicular to the flow direction. The resultant vol-
ume-averaged equations are valid because the REV is
long enough to yield meaningful averages, and the di-
rection of volume-averaging does not strongly depend
on the paths of fluid flow and heat transfer as pointed
out by Kim et al. [4].

3.2. Velocity distribution

To obtain the velocity profile in a microchannel heat
sink subject to an impinging jet, the Brinkman-extended
Darcy equation is solved. The Brinkman-extended

Darcy equations are given as follows:

X momentum equation:

o ey

(u) ox + (V) agj}f = f% ZfijL X {a ()¢

+62<U>f:| —£<U>f\’r7 (14)
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()= (v)y=0aty=0, ()="Whaty=H

where (), denotes a volume-averaged value over the
fluid region and p, v¢, u, v, ¢, K, ¥, and H are pressure,
fluid dynamic viscosity, velocity along the x direction
and the y direction, porosity, permeability, impinging
velocity at the top surface of the microchannel heat sink
and the height of the microchannel heat sink.

In order to transform Egs. (13) and (14) into a sim-
pler form, we assume that the type of impinging flow in a
porous medium is similar to that of an impinging flow
over a flat plate immersed in a regular fluid. It can be
assumed that the stream function of an impinging flow
in a porous medium is a fractional function. A similarity
variable for an impinging flow in a porous medium is
deduced from the similarity variable for the impinging
flow in a regular fluid. As a result, partial differential
momentum equations can be transformed into an ordi-
nary differential equation with the similarity variable.
The similarity variable, n and the stream function ¥, are
given by

B

n=n (15)

¥ = /BviF(n)x (16)
4

B= (17)

With Egs. (15) and (16), the momentum equation can be
simplified as

&V, Vr €

il 1241 = 1
X3 + X3 + 0, (18)

F=F=0atn=0, F'=1atn— oo

F/// + FF// _ F/z _

The porosity and the permeability presented by Kim and
Kim [3] for the rectangular microchannel can be repre-
sented as

W, ew?
¢ g 19
e=7 D (19)
where W, and W are channel width for fluid region and
width of heat sink. Similarity solutions to Eq. (18) are
obtained for velocity distributions numerically using the
shooting method.

3.3. The one-equation model

In the one-equation model, the governing equation
can be obtained based on the assumption that the tem-
perature of the fluid phase and that of the solid phase in
an REV are the same, i.e., (T), = (T), = (T). The vol-
ume-averaged energy equation for the one-equation
model is given by

o(T) v6<T>): (62<T> @2<T>>7

~

o
=
0N
e

A/~
—~

<
<
>
O)‘
—~
<
>
O)‘

(T)=T, at y=0, (IN'=T, at y=H

where p, Cp, ker, Ty, and are T, density, specific heat,
effective thermal conductivity, and temperatures of the
bottom surface and the top surface, respectively. The
effective thermal conductivity is obtained assuming
parallel arrangement of the porous structure.

For impinging flow over a flat plate, Goldstein sug-
gested that a similarity solution for the energy equation
exists and is function of the y-axis if the wall tempera-
ture and the temperature of the impinging flow at the
top are constant [15]. In order to obtain temperature
distributions in a microchannel heat sink modeled as a
porous medium, we use the modified similarity variable
and dimensionless variable. A dimensionless tempera-
ture 6 is defined such that it is zero at the bottom surface
and unity at the top surface,

n =y\/§ (21)

Substituting u and v obtained from the solution of Eq.
(18) into the energy Eq. (20) and using the similarity
variable and the dimensionless temperature gives a sec-
ond-order ordinary differential equation:

(1) = Ty

[/ -
To — Ty

0” + SFPVeffol =0 (22)
ﬂf Cp.f
Pregr =
4 kel'l'

0=0atn=0, 0=1 at n—

where Prr 1s the effective Prandtl number.
The analytical solution can be obtained from Eq.
(22):

_ Jo exp (— Prar J§ F(n)edy)dy
Jo" exp (= Prey [y F(n)edn)dn

(23)

3.4. The two-equation model

The volume-averaged energy equations and the
boundary conditions for the solid phase and the fluid
phase without the assumption for local thermal equi-
librium are expressed, respectively, as

1),
ket s (6—)/2) + hsrasr(<T>f - <T>s)
=0, in the solid phase (24)

e < pCp > ((vh%)

— e T2t )+ haa (1), (7)),

in the fluid phase (25)
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where

2
keff.s = (1 - S)ks, keff,f = gkt} asf = W

(T)y=(T); =Ty at y =0,
(T)y=(T)r=Tx at y=H

and ag, kefrs, ks, ketre, kr, and hy are interfacial surface
area per unit volume, effective solid thermal conductiv-
ity, solid conductivity, effective fluid conductivity, fluid
conductivity, and interstitial heat transfer coefficient,
respectively.

Egs. (24) and (25) can be non-dimensionalized by
using the similarity variable in Eq. (15) and the follow-
ing dimensionless variables:

h H? w? C
Bi = = , Da=——7=, Prgp= a1 )
kefr s 12H? kegr (26)
ke /A
R =Kt g, N0
kegr s Ve

where Bi, Da, Precs, R, and Rey, are equivalent Biot
number, Darcy number, effective fluid Prandtl number,
effective thermal conductivity ratio, and Reynolds num-
ber. The dimensionless governing equations and bound-
ary conditions for the two-equation model are expressed
as the following equations:

1
x+mﬁfuwwm@7@)

e

=0, in the solid phase (27)

w+Mﬁm+m%ﬁLuw@W@7&)
k

e,

=0, in the fluid phase (28)

0k=0;,=0at n=0, O=0,=1at n— o0

With these boundary conditions, the temperature dis-
tributions for both fluid and solid phases are obtained
by the finite volume method.

3.5. Discussion on the velocity and the temperature
distributions

Recently investigators have proven that results
obtained from a porous medium approach agree well
with analytical solutions as well as numerical results. In
particular, Koh and Colony [2] and Kim et al. [3,4]
studied forced convection through a microchannel heat
sink modeled as a porous medium. In order to validate
the porous medium model for the microchannel heat
sink, they compared the analytical solutions from the
conventional momentum equation and the numerical

solutions from the conventional energy equation
with results obtained from the porous medium ap-
proach. They showed that results obtained from the
porous medium approach are in close agreement with
the volume-averaged velocity and temperature distri-
butions obtained from analytical and numerical solu-
tions.

In the present study, in order to validate the solutions
obtained using a porous medium approach, the results
from similarity solutions are compared with volume-
averaged velocity and temperature distributions for the
conjugate heat transfer problem comprising both the
solid and fluid regions. The conventional momentum
and energy equations are solved numerically with the
finite volume method.

In Fig. 3, the velocity and temperature distributions
obtained using a porous medium approach are shown to
predict quite well the corresponding volume-averaged
velocity and temperature distributions obtained numer-
ically. These similarity solutions obtained from the po-
rous medium approach are helpful in obtaining velocity
and temperature profiles and identifying the effects of
engineering parameters on local thermal equilibrium
rather easily.

0.0005

Pr,,=17.5
Re,=11.68
0.0004 Da=3.33X10°

—— Similarity solutions
from a porous medium approach

0.0003 ® Numerical results
E
> :
0.0002 3
>
3
’
0.0000 = r . .
0.00 0.05 0.10 0.15 0.20
(a) U velocity (m/sec)
Pr, =175
Re,=11.68
0.0005 Da=3.33X10°
Similarity solutions
from a porous medium approach
0.0004 Solid temperature
————— Fluid temperature
Numerical results
--©--- Solid temperature
. 0.0003 —a— Fluid temperature
E
>
0.0002
0.0001
0.0000 T T T T T T T T T T
280 300 320 340 360 380 400 420 440 460 480
(b) Temperature(K)

Fig. 3. Velocity and temperature distribution.
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4. Results and discussion on the criterion
4.1. The microchannel heat sink with an impinging jet

The effects of engineering parameters on local thermal
non-equilibrium are investigated by comparing volume-
averaged temperature distributions of the solid phase
with those of the fluid phase, both of which are obtained
from the two-equation model for a microchannel heat
sink subject to an impinging jet. In the microchannel
heat sink subject to an impinging jet, the Nusselt num-
ber can be represented by the following correlation:

Nu = 1.2434Reg P Prgg§' +2.0 (29)

which is obtained from numerical results in Section 3. In
Fig. 4, it is shown that this correlation corresponds to
numerical results within 1.0%.

In order to validate the criterion for local thermal
equilibrium and to understand the effects of engineering
parameters on local thermal non-equilibrium, limiting
cases for the microchannel heat sink subject to an im-
pinging jet are considered as follows:

4.1.1. Limiting case 1 (Proyry — 0)

As Prerp approaches zero, the Nusselt number ex-
pressed as Eq. (29) becomes constant at 2.0. Then, the
criterion proposed previously as Eq. (11) is met.
Therefore, the assumption of local thermal equilibrium
is valid in this case. This is also the case as the effective
thermal conductivity ratio is increased, because the ef-
fective thermal conductivity ratio is inversely propor-
tional to Prerr as shown in Eq. (12). On the other hand,
as Prery is increased, the assumption of local thermal
equilibrium becomes less and less valid.

6.0 -

5.5_- ®  Numerical results
— Equation (29)

5.0 -
4.5
4.0

3.5 1

Nu

3.0
254

2.0+

4+
1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8

0.1368 0.161
Red" Pre",f

Fig. 4. Nusselt number in the microchannel heat sink subject to
an impinging jet.

4.1.2. Limiting case 2 (Req, — 0)

As Re,, approaches zero, the Nusselt number ex-
pressed as Eq. (29) becomes constant at 2.0. Then, the
criterion proposed previously as Eq. (11) is met. There-
fore, the assumption of local thermal equilibrium is also
valid in this case. On the other hand, as Re,, is increased,
the assumption of local thermal equilibrium becomes
less and less valid.

4.1.3. Limiting case 3 (Da — 0)

As Da approaches zero, the criterion expressed as Eq.
(11) approaches 0. So, the assumption of local thermal
equilibrium is also valid in this case. On the other hand,
as is Da increased, the assumption of local thermal
equilibrium becomes less and less valid.

From results of these limiting cases, the assumption
of local thermal equilibrium in a microchannel heat sink
subject to an impinging jet is shown to be reasonable
when any one of the Prandtl number, the Reynolds
number, or the Darcy number approaches zero. In order
to validate these qualitative results discussed in the
limiting cases, the volume-averaged temperature profiles
of the solid phase are compared quantitatively with
those of the fluid phase, both of which are obtained
from the two-equation model. In Figs. 5-7, it is shown
that the volume-averaged temperature distributions
of the solid phase are nearly identical to those of the
fluid phase as either Pregr — 0, Req, — 0, or Da — 0.
On the other hand, as Pregr, Reg,, or Da is increased, the
volume-averaged temperature profiles of the solid phase
becomes more and more different from those of the fluid
phase. In other words, as either Preyy, Rey,, or Da ap-
proaches zero, the effects of local thermal equilibrium
are dominant because conduction is dominant in the
microchannel heat sink with an impinging jet. On
the other hand, as Prers, Rey,, and Da are increased,
the assumption of local thermal equilibrium become less
and less valid. To quantify the outcome based on
qualitative ratings for the assumption of local thermal
equilibrium, the percentage error is defined as

Max((T), — (7))

Error(%) = T

% 100 (30)

The percentage error are presented in Fig. 8 in terms of
the value of the left-hand side of the proposed crite-
rion. As shown in Fig. 8, the percentage error increases
with the increasing value of the left-hand side of the
proposed criterion. When the value of the left-hand side
of the proposed criterion is of the order of 1072, the
percentage error is less than 10%. When it is of the order
of 107!, the percentage error is less than 35%. When it is
of the order of one, the percentage error is more than
35%.
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4.2. The microchannel heat sink and the channel filled with

a porous medium

In order to confirm the proposed criterion for local
thermal equilibrium generally, the criterion is applied to
other cases such as the microchannel heat sink presented

460 480
Temperature (K)

(©

by Kim et al. [4] and the channel filled with a porous
medium presented by Amiri and Vafai [10].

Kim et al. [4] checked the validity of local thermal
equilibrium in the microchannel heat sink modeled as a
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Fig. 6. Effect of the Reynolds number on temperature dis-
tributions: (a) Rey, = 0.2334, (b) Re,, = 11.68, and (c) Rey, =

43.73.

porous medium in terms of the Darcy number and the
effective thermal conductivity ratio. Because both the
Nusselt number and the Reynolds number are assumed
to be constant for fully developed flow in the micro-
channel heat sink with a parallel flow, the condition of
local thermal equilibrium depends on the Darcy number
and the effective thermal conductivity ratio. They con-
cluded that the assumption of local thermal equilibrium
is valid as the Darcy number is decreased or the effective
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thermal conductivity is increased. The same conclusion
can be drawn from Eq. (11).

Amiri and Vafai [10] compared the local temperature
distributions of the fluid phase with those of the solid
phase from numerical results in the case of fluid flow
through channel filled with a packed bed. In order to
solve the energy equations for the two-equation model,
they used the Nusselt number based on the interstitial
heat transfer coefficient presented by Wakao et al. [16].
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Fig. 8. Value of the criterion in a microchannel heat sink
subject to an impinging jet.

hyed,
Nu = £P:2+ L.1Pr'/PReg (31)
f

where dj, is the pore diameter. They reported that the
assumption of local thermal equilibrium is valid as either
the Reynolds number or the Darcy number approaches
zero. The results presented by Amiri and Vafai [10]
match with those predicted qualitatively by Eq. (11).

4.3. The other porous media

For a sintered metal and a cellular ceramic used in
industrial applications, the assumption of local thermal
equilibrium is also valid when any one of the Reynolds
number, the Darcy number or the Prandtl number ap-
proaches zero. However, the sintered metal and the
cellular ceramic exhibit different characteristics with re-
spect to local thermal equilibrium compared with a
packed bed, a microchannel heat sink with a parallel
flow and a microchannel heat sink with an impinging jet,
as will be shown below. For the sintered metal, Kar and
Dybbs [17] as well as Maiorov et al. [18] suggested the
Nusselt number based on the interstitial heat transfer
coefficient as

N = CRe) (0 < Rey, < 10°) (32)
f

n =~ 1.35 in Kar and Dybbs [17],

Nu =Pt CRe) (0 < Reg, < 10°) (33)

f

0.65 < n < 1.84 in Maiorov et al. [18].

For the cellular ceramic, the Nusselt number based
on the interstitial heat transfer coefficient is presented by
Fu et al. [19] as

hyd,

Nu ===~ CRej, (0 < Rey, < 10°) (34)
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0.9 <n < 1.18 in Fu et al. [19].

In these cases, the proposed criterion is met if and
only if n > 1 and Re;, — oo when substituting one of
Egs. (32)-(34) into Eq. (11). Therefore, the assumption
of local thermal equilibrium is valid in these cases even if
the Reynolds number is increased. As mentioned before,
this result is different in that local thermal equilibrium
is observed as the Reynolds number is increased, while
the assumption of local thermal equilibrium is shown in
Sections 4.1 and 4.2 to be valid as the Reynolds number
is decreased for the microchannel heat sink and the
packed bed. This means physically that the assumption
of local thermal equilibrium is valid even when con-
vection as a heat transfer mode is dominant in the sin-
tered metal and the cellular ceramic. This results from
the fact that AT, between the solid phase and the fluid
phase in an REV decreases faster than the A7, occurring
in the fluid flow through the porous medium if the in-
terstitial heat transfer coefficient is proportional to the
Reynolds number with a power greater than 1. Conse-
quently, the assumption of local thermal equilibrium is
valid even if convection is dominant in a porous medium
such as a sintered metal and a cellular ceramic for which
the interstitial heat transfer coefficient is proportional to
the Reynolds number with a power greater than 1.

4.4. Summary

It is shown that the effects of the Darcy number, the
Prandtl number, and the Reynolds number on local
thermal equilibrium in the microchannel heat sink sub-
jected to an impinging jet are well-predicted by the cri-
terion proposed in this study. The proposed criterion is
also validated with the existing experimental and nu-
merical results for forced convection heat transfer in
various porous materials that include some of the pa-
rameters used in the criterion such as a microchannel
heat sink with a parallel flow, a packed bed, a cellular
ceramic, and a sintered metal.

The physical mechanism of local thermal equilibrium
is explained as follows. The conduction heat transfer
becomes dominant in a porous medium as either
Prers — 0, Req, — 0, or Da — 0. In this case, the Nusselt
number based on the interstitial heat transfer coefficient
can be expressed in the form of

Nu = A+ BPr“Re (35)

and approaches 4 which physically means that con-
duction is dominant. Then, the criterion expressed as
Eq. (11) is met. So the assumption of local thermal
equilibrium is always valid in all porous media when the
conduction heat transfer mode is dominant, which co-
incides with what was previously suggested by other
investigators [5-8].

On the other hand, the convection heat transfer is
dominant as Re; — oo. In this case, if the Nusselt
number based on the interstitial heat transfer coefficient
of a porous medium such as a sintered metal and a
cellular ceramic is proportional to the Reynolds number
with a power greater than 1, the Nusselt number is ex-
pressed as

Nu=A+BPr"Rej,’p, 0<c<l1, d>1 (36)

By substituting Eq. (36) into Eq. (11) the criterion is
expressed as
&

PryrcReqDa'/*——=
T BPrRe],

<1, O<exl, d>1

(37)

The criterion expressed as Eq. (37) is met as Re;, — oc.
Therefore, the assumption of local thermal equilibrium
is valid even when the convection effects are dominant in
a porous medium where the Nusselt number based on
the interstitial heat transfer coefficient is proportional to
the Reynolds number with a power greater than 1.

5. Conclusion

In this work a general criterion for local thermal
equilibrium is presented in terms of parameters of en-
gineering importance which include the Reynolds num-
ber, the Darcy number, and the Prandtl number. For
this, an order of magnitude analysis is performed for the
case when the effect of convection heat transfer is
dominant in a porous structure. The criterion proposed
in this study is more general than the previous criterion
suggested by Carbonell and Whitaker [5], because the
latter is applicable only when conduction is the domi-
nant heat transfer mode in a porous medium while the
former can be applied even when convection heat
transfer prevails.

In order to validate the proposed criterion, a micro-
channel heat sink with an impinging jet is used. The
effects of the Darcy number, the Prandtl number, and
the Reynolds number on local thermal non-equilibrium
in the microchannel heat sink with an impinging jet is
well-predicted by the criterion. In addition, the proposed
criterion is also confirmed with the existing experimental
and numerical results for convection heat transfer in
various porous materials that include some of the pa-
rameters used in the criterion such as a microchannel
heat sink with a parallel flow, a packed bed, a cellular
ceramic, and a sintered metal. The results presented in
this study show that the assumption of local thermal
equilibrium is always valid in all porous media when the
conduction heat transfer mode is dominant. In other
types of porous media such as sintered metals and cel-
lular ceramics for which the interstitial heat transfer
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coefficient is proportional to the Reynolds number with
a power greater than 1, the assumption of local thermal
equilibrium is also valid when the convection heat
transfer mode is dominant. Therefore, the proposed
criterion, Eq. (11), can be used to check the validity of
local thermal equilibrium in a porous medium when
both convection and conduction are present.
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